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Abstract 

Recently, arising from an enlighting analysis of Baskaran and Gr- 
ishchuk in Class. Quant. Grav. 21 4041-4061 (2004), some papers in 
the literature have shown the presence and importance of the so-called 
"magnetic" components of gravitational waves (GWs), which have to be 
taken into account in the context of the total response functions of inter- 
ferometers for GWs propagating from arbitrary directions. In Int. Journ. 
Mod. Phys. A 22, 13, 2361-2381 (2007) and Int. J. Mod. Phys. D 16, 
9, 1497-1517 (2007) accurate response functions for the Virgo and LIGO 
interferometers have been analysed. 

However, some results which have been shown in Int. Journ. Mod. 
Phys. A 22, 13, 2361-2381 (2007) look in contrast with the results which 
have been shown in Int. J. Mod. Phys. D 16, 9, 1497-1517 (2007). 
In fact, in Int. Journ. Mod. Phys. A 22, 13, 2361-2381 (2007) it was 
claimed that the "magnetic" component of GWs could, in principle, extend 
the frequency range of Earth based interferometers, while in Int. J. Mod. 
Phys. D 16, 9, 1497-1517 (2007) such a possibility has been banned. 

This contrast has been partially solved in the Proceedings of the XLI- 
Ind Rencontres de Moriond, Gravitational Waves and Experimental Grav- 
ity, La Thuile, Val d'Aosta Italy (March 12-18 2007). 

The aim of this review paper is to re-analyse all the framework of the 
"magnetic" components of GWs with the goal of solving the mentioned 
contrast in definitive way. 

Accurate response funtions for the Virgo and LIGO interferometers 
will be also re-discussed in detail. 
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PACS numbers: 04.80.Nn, 04.80.-y, 04.25.Nx 



1 Introduction 

The data analysis of interferometric gravitational waves (GWs) detectors has 
recently been started (for the current status of GWs interferometers see [U O 
O m m m [ll [8]) and the scientific community aims in a first direct detection of 
GWs in next years. 

Detectors for GWs will be important for a better knowledge of the Universe 
and also to confirm or ruling out the physical consistency of General Relativity or 
of any other theory of gravitation [9l[10l[ni[12l[13l[T4l[lll[16]. This is because, in 
the context of Extended Theories of Gravity, some differences between General 
Relativity and the others theories can be pointed out starting by the linearized 
theory of gravity [9l[l0l[l2l[Il]- In this picture, detectors for GWs are in principle 
sensitive also to a hypotetical scalar component of gravitational radiation, that 
appears in extended theories of gravity like scalar-tensor gravity, high order 
theories [l2l[l5l[l6l[l2l[l8l[l9l[20l[2Tl[^and Brans-Dicke theory [23]. 

Recently, arising from an enlighting analysis of Baskaran and Grishchuk in 
[24] . some papers in the literature have shown the presence and importance 
of the so-called "magnetic" components of GWs, which have to be taken into 
account in the context of the total response functions of interferometers for 
GWs propagating from arbitrary directions. In [25] and [26] accurate response 
functions for the Virgo and LIGO interferometers have been analysed. 

However, some results which have been shown in [25] look in contrast with 
the results which have been shown in[26]. In fact, in [25] it was claimed that the 
"magnetic" component of GWs could, in principle, extend the frequency range 
of Earth based interferometers, while in [26] such a possibility has been banned. 

This contrast has been partially solved in |27j . 

The aim of this review paper is to re-analyse all the framework of the "mag- 
netic" components of GWs with the goal of solving the mentioned contrast in 
definitive way. 

Accurate response funtions for the Virgo and LIGO interferometers will be 
re-discussed in detail too. 

2 Analysis in the frame of the local observer 

In a laboratory enviroment on earth, the coordinate system in which the space- 
time is locally fiat is typically used and the distance between any two points is 
given simply by the difference in their coordinates in the sense of Newtonian 
physics [9l[l2l[24l[25l[26l[22l[28]. In this frame, called the frame of the local 
observer, GWs manifest themself by exerting tidal forces on the masses (the 
mirror and the beam-splitter in the case of an interferometer, see figure 1). 
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Figure 1: photons can be launched from the beam-splitter to be bounced back 
by the mirror 

Recently, the presence and importance of the so-called magnetic components 
of GWs have been shown by Baskaran and Grishchuk that computed the cor- 
respondent detector patterns in the low-frequencies approximation [21]. Then, 
more detailed angular and frequency dependences of the response functions for 
the magnetic components has been given in the same approximation, with a 
specific application to the parameters of the LIGO and Virgo interferometers 
in |25[ mi [27] . The most important goal of this review paper is to solve in a 
definitive way the contrast between [23 and [26] on the possibility of extending 
the frequency-band of interferometers. 

Before starting with the analysis of the response functions, a brief review 
of Section 3 of [24] is due to understand the importance of the "magnetic" 
components of GWs. In this review paper we will use different notations with 
respect to the ones used in [2j. Following [25 1 126 1 [27]. we work with G = 1, c = 1 
and h = 1 and we call h+{ttt + zu) and ft.x (ttt + zu) the weak perturbations due 
to the -f and the x polarizations which are expressed in terms of synchronous 
coordinates ttt, xtt,ytt, ztt in the transverse-traceless (TT) gauge. In this way, 
the most general GW propagating in the Ztt direction can be written in terms 
of plane monochromatic waves [25l [26l [27] 



= h+QCxpiu}{tu + Ztt)e.W + hxoCxpiuj{tu + Ztt)elJ , 
and the correspondent line element will be 

ds^ ~ dtl^ — dzf^ — (1 + h^)dx1^ — (1 — h^)dy^f. — 2hxdxttdxtt- (2) 

The wordHnes Xtt,yu,zu — const, are timehke geodesies representing the 
histories of free test masses [24l [25l [26l [27]. The coordinate transformation 



h^„,{ttt + Zu) = h+{tu + Ztt)el,J + hy,{tu + Ztt)ell 




(1) 
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= a;"(xf() from the TT coordinates to the frame of the local observer is 

[saiMiissiiiii. 

t = ttt + \{x1t - y1t)h+ - \xttytthy. 
x = xtt + \xtth+ - ^ytthx + \xttztth+ - ^yttZtthx 

(3) 

y^ytt + \ytth+ - \xtthx + \yttztth+ - \xttztthx 

z^ ztt- \{x'lt - ytt)h+ + \xttyuhx, 

where it is /i+ = and /ix = The coefficients of this transforma- 

tion (components of the metric and its first time derivative) are taken along 
the central wordline of the local observer [2H [25j [26t [27] . It is well known from 
|24 [ [25 l [26 t l27j that the linear and quadratic terms, as powers of a;"^, are unam- 
biguously determined by the conditions of the frame of the local observer, while 
the cubic and higher-order corrections are not determined by these conditions. 
Thus, at high-frequencies, the expansion in terms of higher-order corrections 
breaks down [24l [26l [27] . 

Considering a free mass riding on a timelike geodesic (a; = ^i, y = ^2, ^ = ^3) 
|24[ [25] [26] I27j . eqs. |[3| define the motion of this mass with respect to the 
introduced frame of the local observer. In concrete terms one gets 

x{t) =h + l[hh+{t) - hhxit)] + \lihh+{t) + ^hhhxit) 
y{t) ^h- ^hh+it) + khx{t)] - ^hkh+it) + \hhhx{t) (4) 
■At) - '3 - if (/? - ll)h+{t) + 2hhhx (t), 

which are exactly eqs. (13) of [24j rewritten using our notation. In absence of 
GWs the position of the mass is {h, l2,h)- The effect of the GW is to drive the 
mass to have oscillations. Thus, in general, from eqs. Q all three components 
of motion are present [24 ] [25l [2g] [27] . 

Neglecting the terms with and in eqs. |[4]), the "traditional" equations 
for the mass motion are obtained [Jll [Ml llfil [27] : 

x{t) = h + ^[hh+{t) ~ hhxit)] 

y{t)=l2-\[hh+{t) + hhx{t)] (5) 
z{t) = ^3- 

Clearly, this is the analogous of the electric component of motion in electro- 
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dynamics O [25l [26l [27] , while equations 



xit) = h + ^hhh+it) + ^hhh^it) 

y{t) = h- ^hhh+it) + ^hhh^it) (6) 

are the analogous of the magnetic component of motion. One could think 
that the presence of these magnetic components is a "frame artefact" due to 
the transformation ((3]), but in Section 4 of [23 eqs. ^ have been directly ob- 
tained from the geodesic deviation equation too, thus the magnetic components 
have a real physical significance. The fundamental point of [211 [Ml [22] is that 
the magnetic components become important when the frequency of the wave 
increases (Section 3 of [2l]), but only in the low-frequency regime. This can 
be understood directly from eqs. |(4]). In fact, using eqs. |(T]) and ([3]), eqs. |(4|) 
become 

x{t) =h + ^[hh+{t) - hh^{t)] + \hhuoh+{t - f ) + lhhojh^{t - f ) 
y{t) ^h- ^[hh+it) + hhy, {t)] - ^hk^h+it - f ) + \hhLohy,{t - f ) (7) 
z{t) ^h-T[{ll- lDioh+{t - f ) + 2hhujh^ {t - f ). 

Thus, the terms with /i+ and /ix in eqs. |(4|) can be neglected only when 
the wavelength goes to infinity \2A \ [25 l (26 1 127). while, at high-frequencies, the 
expansion in terms o{ ujUlj corrections, with i,j = 1,2,3, breaks down |24 [ [26 t 
[27] . This fact has not been emphasized in [23, thus one could think that the 
"magnetic" comonents of GWs could, in principle, extend the frequency-range 
of interferometers, but this is not correct [24l [25l l26l [27] . 

Now, let us compute the total response functions of interferometers for the 
magnetic components. 

Equations ([4]) , that represent the coordinates of the mirror of the interfer- 
ometer in presence of a GW in the frame of the local observer, can be rewritten 
for the pure magnetic component of the -f polarization as 

x{t) =h + \lihh+{t) 

y{t) = l2- \l2hh+{t) (8) 

z{t)^h-\{ll-q)h+{t), 

where /i, I2 and I3 are the unperturbed coordinates of the mirror. 

To compute the response functions for an arbitrary propagating direction of 
the GW, we recall that the arms of the interferometer are in general in the Tt 
and if directions, while the x, y, z frame is adapted to the propagating GW (i.e. 
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Figure 2: a GW propagating from an arbitrary direction 

the observer is assumed located in the position of the beam spHtter). Then, a 
spatial rotation of the coordinate system has to be performed: 

u = ^xcosO cos<p + ysmcj) + zsinO coscj) 

V ~ — xcos^sini^ — ycos0 + zsin0sin0 (9) 

w = xsin0 + zcos0, 

or, in terms of the x, y, z frame: 

X ~ —u cos 9 cos (j) — V cos 9 sin (j) + w sin 9 

y = u sin (j) — V cos (j) (10) 

z = usm9 coa(j) + V sin9 smcf) + w cos9. 

In this way the GW is propagating from an arbitrary direction to the 
interferometer (see figure 2 ). 

As the mirror of eqs. ([8]) is situated in the u direction, using eqs. ([HI, ^ 
and (flOl) the u coordinate of the mirror is given by 

u = L+^L^Ah+{t), (11) 

where 

A = sin 9 cos 0(cos^ 9 cos^ — sin^ 0) (12) 

and L = y^lf + I2+I3 is the length of the interferometer arms. 
The computation for the v arm is similar to the one above. Using eqs. ([8]), 
1(9]) and (flOl) . the coordinate of the mirror in the v arm is: 
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v = L + ^L^-Bh+{t), (13) 

where 

B = sin d sin (/){cos^ 9 cos^ tp — svc? (p) . (14) 

3 The response function of an interferometer for 
the magnetic contribution of the + polarization 

Equations ifTTj) and lfT3|) represent the distance of the two mirrors of the inter- 
ferometer from the beam-spHtter in presence of the GW (note that only the 
contribution of the magnetic component of the + polarization of the GW is 
taken into account) . They represent particular cases of the more general form 
given in eq. (33) of [21]. 

A "signal" can also be defined in the time domain (T = L in our notation): 

^-^ = i^A-i.)Mt). (15) 

The quantity ifTSj) can be computed in the frequency domain using the 
Fourier transform of /i+ , defined by 



obtaining 



where the function 



h+{uj) = / dth+{t)e-Kp{iiut), (16) 



T 



H+^g^{u)^-\i^L{A-B)^ 

(17) 

^-\iujL sin 6'[(cos2 9 + sin 20i±S|2ie )] (cos cf) - sin 0) 

is the total response function of the interferometer for the magnetic com- 
ponent of the -I- polarization, in perfect agreement with the result of Baskaran 
and Grishchuk (eqs. 46 and 49 of [24|). In the above computation the theorem 
on the derivative of the Fourier transform has been used. 

In the present work the x, y, z frame is the frame of the local observer adapted 
to the propagating GW, while in [24] the two frames are not in phase (i.e. in 
this paper the third angle is put equal to zero, this is not a restriction as it is 
known in the literature [Ml ESI [27]). 

The absolute value of the response functions (fT7|) of the Virgo {L = 3Km) 
and LIGO (L = 4Km) interferometers to the magnetic component of the -I- 
polarization for 9 ~ ^ and 4> = ^ are respectively shown in figures 3 and 4 
in the low-frequency range IQHz < / < IQQHz. This quantity increases with 
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Figure 3: the absolute value of the total response function of the Virgo interfer- 
ometer to the magnetic component of the + polarization for 9 = j and (p = § 
in the low-frequency range lOHz < f < IQQHz 
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Figure 4: the absolute value of the total response function of the LIGO interfer- 
ometer to the magnetic component of the -I- polarization for — j and = f 
in the low- frequency range lOHz < f < lOOHz 
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Figure 5: the angular dependence of the response function of the Virgo inter- 
ferometer to the magnetic component of the + polarization for / = 100-ffz 

increasing frequency. The angular dependences of the response function l|17p 
of the Virgo and LIGO interferometers to the magnetic component of the + 
polarization for / = lOOHz are shown in figures 5 and 6. 

4 Analysis for the x polarization 

The analysis can be generaHzed for the magnetic component of the x polar- 
ization too. In this case, equations (0]) can be rewritten for the pure magnetic 
component of the x polarization as 

y{t) = l2 + \hhhAt) (18) 

z{t) ^h- IhhhAt)- 
Using eqs. lfT8|) . ^ and (fTO| . the u coordinate of the mirror in the u arm of 
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Figure 6: the angular dependence of the response function of the LIGO inter- 
ferometer to the magnetic component of the + polarization for / = lOOHz 
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the interferometer is given by 



u = L+^L^Ch^{t), (19) 

where 

C EE - 2 cos 6* cos^ sin 6* sin 0, (20) 
while the v coordinate of the mirror in the v arm of the interferometer is given 

by 

v = L + -L'^Dh^{t), (21) 



where 



D = 2cos6'cos(7!)sin6'sin^ (A. (22) 



Thus, with an analysis similar to the one of previous Sections, it is possi- 
ble to show that the response function of the interferometer for the magnetic 
component of the x polarization is 

H^,,^,M ^ -^^nC - D) ^ 

(23) 

= —ibjL sin 20(cos ^ + sin (f) cos 6*, 

in perfect agreement with the result of Baskaran and Grishchuk (eqs. 46 and 
50 of [21] )• The absolute value of the total response functions l(23ll of the Virgo 
and LIGO interferometers to the magnetic component of the x polarization for 
9 = J and </) = f are respectively shown in figure 7 and 8 in the low- frequency 
range lOHz < f < lOOHz. This quantity increases with increasing frequency 
in analogy with the case shown in previous Section for the magnetic component 
of the -|- polarization. The angular dependences of the total response function 
l(23l) of the Virgo and LIGO interferometers to the magnetic component of the 
X polarization for / = lOOHz are shown in figure 9 and 10. 

5 More accurate response functions for the mag- 
netic components 

One can extend equations JSj in the form [25l [27] 

t(t + z) = ttt + jix'^t - yu)h+{t + z)~ ^XttVuhxit + z) 
x(t + z) = xtt + ^xtth+(t + z) - \ytthy. {t + z) + \xttZtth+{t + z) - \yttZtthx {t + z) 
y(t + z) = ytt + \ytth+{t + z) - \xtthy, {t + z) + \ynZtth+{t + z) ~ \xttZtth^ {t + z) 

z{t + z) = ztt - \{x% - ytt)h+{t + z) + ^xttytthx{t + z). 

(24) 
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Figure 7: the absolute value of the total response function of the Virgo interfer- 
ometer to the magnetic component of the x polarization for = j and = f 
in the low- frequency range lOHz < / < lOOHz 
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Figure 8: the absolute value of the total response function of the LIGO interfer- 
ometer to the magnetic component of the x polarization for = j and = f 
in the low- frequency range lOHz < / < lOOHz 
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Figure 9: the angular dependence of the total response function of the Virgo 
interferometer to the magnetic component of the x polarization for / = lOOHz 
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Figure 10: the angular dependence of the total response function of the LIGO 
interferometer to the magnetic component of the x polarization for / = lOOHz 
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This is because for a large separation between the test masses (in the case 
of Virgo the distance between the beam-spUtter and the mirror is three kilo- 
meters, four in the case of LIGO), one cannot compute the coefficients of this 
transformation (components of the metric and its first time derivative) along 
the central wordHne of the local observer, but a dependence from the position 
of the test masses is needed [25l[27]. Thus, also equations (gl), (HJ 
and (fTTI) have to be modified in the same way. In particular, we get 

u ^ L + ^L'^Ah+it + u sin 6 cos (j)). (25) 

From eq. l(25|) we find that the displacements of the two masses under the 
infiuence of the GW are 

Subit) = (26) 

and 

Su,n{t) = ^L'^Ah+{t + L sine COS (j)). (27) 
In this way, the relative displacement, which is defined by 

SL{t) = 6u,nit) - Sub{t) (28) 



^I^^^I^^lLAh+(t + Lsindcos^). (29) 
T L 4 

But we have the problem that, for the large separation between the test masses, 
the definition (|28|) for relative displacements becomes unphysical because the 
two test masses are taken at the same time and therefore cannot be in a casual 
connection [251 El] ■ We can write the correct definitions using a the so called 
"bouncing photon method": a photon can be launched from the beam-splitter 
to be bounced back by the mirror (Figure 1). This method has been generalized 
to scalar waves, angular dependences and massive modes of GWs in [21 El \25\ 

mm. 



6Li{t) = 6u,n{t) - 5ub{t - Ti) (30) 



One obtains: 



and 



SL2it)=Su^it-T2)-6ubit), (31) 

where Ti and T2 are the photon propagation times for the forward and return 
trip correspondingly. According to the new definitions, the displacement of one 
test mass is compared with the displacement of the other at a later time to 
allow for finite delay from the light propagation. We note that the propagation 
times Ti and T2 in eqs. l(30l) and (|3T|) can be replaced with the nominal value T 
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because the test mass displacements are alredy first order in h+ [25l 127). Thus, 
for the total change in the distance between the beam splitter and the mirror 
in one round-trip of the photon, we get 



SLr.t.it) = SLiit -T) + SL2{t) = 2Su^{t - T) - 6ub{t) - Sub{t - 2T), (32) 
and in terms of the amplitude of the GW: 

SLr.t.it) = ^L'^Ah+{t + Lsin0cos(f>- L). (33) 



The change in distance l(33|) leads to changes in the round-trip time for photons 
propagating between the beam-splitter and the mirror: 

= ]^LAh+{t + L sine cos (j)- L). (34) 



6 Effect of curved spacetime 

In the last calculation (variations in the photon round-trip time which come 
from the motion of the test masses inducted by the magnetic component of 
the -|- polarization of the GW), we impHcitly assumed that the propagation of 
the photon between the beam-splitter and the mirror of the interferometer is 
uniform as if it were moving in a fiat space-time. But the presence of the tidal 
forces indicates that the space-time is curved. As a result, we have to consider 
one more effect after the first discussed that requires spacial separation [211 El] ■ 
From equation l(27|) we get the tidal acceleration of a test mass caused by 
the magnetic component of the -I- polarization of the GW in the u direction 

1 d ■■ 

u{t + u sin 6 cos <j)) ~ — L'^ A— h^{t + u sin 6 cos (j)). (35) 

Equivalently, we can say that there is a gravitational potential [25t I27j: 

1 (9 ■■ 

V{u,t) = --L^A — h+{t + I sine cos (j>)dl, (36) 
4 Jo 

which generates the tidal forces, and that the motion of the test mass is 
governed by the Newtonian equation 

9 = -\7V. (37) 

For the second effect, we consider the interval for photons propagating along 
the u -axis 

ds^ ^ goQdt^ + du^ . (38) 

The condition for a null trajectory {ds = 0) gives the coordinate velocity of 
the photons 
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V 



2 _ ,du 2 



( — y = l + 2Vit,u), (39) 



which to first order in h+ is approximated by 

v^±[l + V{t,u)], (40) 

with + and — for the forward and return trip respectively. If we know the 
coordinate velocity of the photon, we can define the propagation time for its 
travelling between the beam-splitter and the mirror: 

m) = / ^ (41) 

and 

The calculations of these integrals would be complicated because the Um 
boundaries of them are changing with time: 

ub(t) ^ (43) 

and 

u„,{t) = L + 5u^{t). (44) 

But we note that, to first order in these contributions can be approxi- 
mated by 5Li(t) and dL2{t) (see eqs. l(30|) and l|3ip ). Thus, the combined effect 
of the varying boundaries is given by SiT{t) in eq. l(34|). Then, we have only 
to calculate the times for photon propagation between the fixed boundaries: 
and L. We will denote such propagation times with ATi^2 to distinguish from 
Ti^2- In the forward trip, the propagation time between the fixed Hmits is 

du '"^ 



/ -77r-^-L- V{t\u)du, (45) 
Jo I ■"j Jo 

where t' is the delay time (i.e. t is the time at which the photon arrives in 
the position L, so L — u = t — t') which corresponds to the unperturbed photon 
trajectory: 

t' = t- (L-u). 
Similarly, the propagation time in the return trip is 

AT2{t) ^L- j V{t', u)du, (46) 
where now the delay time is given by 
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t' ^t-u. 



The sum of ATi {t — T) and AT2 (t) give us the round-trip time for photons 
travehng between the fixed boundaries. Then, we obtain the deviation of this 
round-trip time (distance) from its unperturbed value 2T: 

52T{t) = - [V{t -2L + u, u)du+ 

(47) 

— Jj^ V{t — u, u)]du, 

and, using eq. ((36l) . it is 

S2T{t) = \L^A J^^ [J^ §-^h+{t - 2T + 1{1 + sine cos q^))dl+ 

(48) 

— ■^h+{t — 1(1 — sin 9 cos (t))dl]du. 

Thus, the total round-trip proper distance in presence of the magnetic com- 
ponent of the + polarization of the GW is: 

Tt = 2T + SiT + 62T, (49) 

and 

5Tu = Tt-2T^ SiT + S2T (50) 

is the total variation of the proper time (distance) for the round-trip of the 
photon in presence of the magnetic component of the GW in the u direction. 

Using eqs. (|34| . (|48)) and the Fourier transform of defined by (fT6| . the 
quantity l(50|) can be computed in the frequency domain: 



STuiij) ^ SiTiuj) + S2T{u;) (51) 

where 

5iT{lu) = ~iuj exp[iujL{l — sin cos 0)] fe+(^) (52) 



iuL'^ A r — l+cxp[?u;L(l— sin 9 cos 0)] — iLu;(l— sin cos <; 




02-1 [UJ) - — 4 — [ Jj: 



■sm u cos f 



cxp(2iajL) (1— cxp[iu;L( — 1— sin ^ cos 0)1 — iLcjfl+sin cos 0) 1 r / \ 
Jft+(_Wj. 



(53) 



( — 1 — sin 6 cos (f>y^ 

In the above computation the derivation and translation theorems of the 
Fourier transform have been used. In this way, the response function of the u 
arm of the interferometer to the magnetic component of the -|- polarization of 
the GW is 



18 



= —iujexp[iujL{l ~ sin0cos(/))]-^ + 

(54) 

iujLA\ — l+exp[2a;L(l— sin B cos (/>)] — ?Lu;(l— sin 6 cos <p) , 
4 I. (l-sin9cos(/))^ I" 

I exp(2icjL)(l— exp[za;L( — 1— sin 6 cos 0)] — ?Xw(l+sin cos 0) -i 
^ (-l-sinecos0)2 J- 

7 Computation for the v arm 

The computation for the v arm is parallel to the one above. Using eqs. ([HI, ^ 
and (fTQ| the coordinate of the mirror in the v arm is: 

V = L + ^L^Bh+{t + v sin 9 (55) 

Thus, with the same way of thinking of previous Sections, we get variations 
in the photon round-trip time which come from the motion of the beam-splitter 
and the mirror in the v direction: 

^i^!;^ = iLB/i+(t + Lsine'sin0-L), (56) 
while the second contribute (propagation in a curve spacetime) will be 
52T{t) = iL^B j'l^lj-^ ■§^h+{t-2T + l{\-sinesmcp))dl+ 

(57) 

— Jp" ^h^{t — 1(1 — sin 6 sin (l))dl]du, 

and the total response function of the v arm for the magnetic component of 
the -I- polarization of GWs is given by 



= — ici;exp[iwL(l — sin6'sin0)]-^-f 

liutLB r — l+cxp[?'a;L(l— sin sin 0)] — ?Xu;(l— sin 9 sin 0) , 
' (l-sinecos0)2 I" 

I exp(22a;L)(l— exp[iajZ/( — 1 — sin sin 0)] — jLu;(l-t-sin sin 0) i 
(-l-sinSsin 0)^ i 



(58) 
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8 The total response function of an interferome- 
ter for the + polarization 

The total response function for the magnetic component of the + polarization 
is given by the difference of the two response function of the two arms: 

H+,{^)^H+{u;)-H+{u;), (59) 

and, using eqs. ([54|) and l(58|) . we obtain a complicated formula 

= —iujexp[iu!L{l — sin cos 0)]-^ + -^icij exp[zu;L(l — sin 61 sin </>)] 



iu}hA\ — l+exp[za;L(l— sin d cos 0)] — zLcj(l — sin Q cos 
4 I (l-sinScos 4>Y 

cxp(2iu;L) (1 — cxp[zajL( — 1 — sin Q cos <^)] — iLoj (1+sin d cos <; 
{— 1 — sin Q cos t^y^ 



(60) 



I ia;_Li3 r —l+exp[ia;_L(l— sin g si 
" 4 L (1-sin 



sin 0)] — ?Lc^(l— sin (? sin 



Q cos 0)^ 

cxp(2zajL) (1 — cxp[zajL( — 1 — sin Q sin 0)] — iLcj(l+sin sin ^ 
( — 1— sin g sin 0)-^ 



that, in the low freuencies Hmit is in perfect agreement with the result of 
Baskaran and Grishchuk (eq. 49 of [21]), i-e. with eq. (fT7| : 

1 1 + cos^ Q 
H+t{uj->0) = -sin6'[(cos2 6' + sin2(?!) )](cos(^ - sin0). (61) 

In figures 11 and 12 the angular dependences of the total response function 
160]) of the Virgo and LIGO interferometers to the magnetic component of the + 
polarization of GWs at the frequency / = 8000Hz are respectively shown. This 
frequency falls in the high-frequency portion of the interferometers sensitivity 
band, thus, the "magnetic" contribution becomes quit important. In fact, figures 
11 and 12 show that it can go over the 10% of the total signal. 

9 Analysis for the x polarization 

The analysis can be generalized for the magnetic component of the x polariza- 
tion too. In this case, using equations (|24l) . |[9]) and lfTO|) the u coordinate of the 
mirror situated in the u arm of the interferometer is given by 

u = L + ^L^Chx{t + usmecoa(l)). (62) 

while the v coordinate of the mirror situated in the v arm of the interferom- 
eter is given by 

V = L + ^L'^Dhy,{t + vsin9sm(j)). (63) 
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Figure 11: the angular dependence of the response function of the Virgo inter- 
ferometer to the magnetic component of the + polarization for / = 8000Hz 
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Figure 12: the angular dependence of the response function of the LIGO inter- 
ferometer to the magnetic component of the + polarization for / = 8000Hz 
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Thus, with an analysis similar to the one of previous Sections, it is possible 
to show that the total response function of the interferometer for the magnetic 
component of the x polarization of GWs is 



iuj cxp[iijjL{l — si^^^cos0)]■^ + ij^iuj cxp[iu}L{l — sin 6* sin 0)] 



iuj LC r — l+Gxp[iujL(l— sin d cos (p)] — «Lu;{l~sin 9 cos 4>) 



4 L (l-sinecos(/))2 



(64) 



+ 



exp(2ia;L)(l— exp['ia;L( — 1— sin cos (f>)]—iLuj{l-\-sin. 9 cos 0) 
( — 1— sin 9 cos (f))'^ 



+ 



+ 



■iujLD r — l+cxp[2Lt;L(l— sin 9 sin 0)] — iLa;(l — sin 9 sin (j)) 



+ 



4 ^ (l-sinScos 0)^ 



+ 



cxp(2iLjL)(l— exp[2a;L( — 1— sin Q sin 0)] — iLa;(l+sin B sin (^) 
( — 1— sin ^ sin 0)2 



that, in the low frequencies limit, is in perfect agreement with the result of 
Baskaran and Grishchuk (eq. 50 of [2l]) and with eq. i|23p : 



In figure 13 and 14 the angular dependences of the total response function l|64p 
of the Virgo and LIGO interferometers to the magnetic component of the x 
polarization of GWs at the frequency / = 8000i?z are respectively shown. 

The figures show the importance of the "magnetic" contribution in the high- 
frequency portion of the interferometers sensitivity band in this case ( x polar- 
ization) too. 

Because the response functions to the "magnetic" components grow with 
frequency, as it is shown in eqs. ijGO]) and l(64|) . one could think that the part 
of signal which arises from the magnetic components could in principle become 
the dominant part of the signal at high frequencies (see also [Ml El]), and, in 
principle, extend the frequency range of interferometers. But, to understand if 
this is correct, one has to use the full theory of gravitational waves. 

10 The total response function of interferometers 
in the full theory of gravitational waves 

The low-frequencies approximation, used in Sections 3 and 4 to show that the 
"magnetic" and "electric" contributions to the response functions can be iden- 
tified without ambiguity in the longh- wavelengths regime [261 [2Il [21] , is suffi- 
cient only for ground based interferometers, for which the condition f <^1/L 
is in general satisfied. For space-based interferometers, for which the above 
condition is not satisfied in the high-frequency portion of the sensitivity band 



HU^ - 0) = - 



sin 20(cos -I- sin 0) cos 9. 



(65) 
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Figure 13: the angular dependence of the response function of the Virgo inter- 
ferometer to the magnetic component of the x polarization for / = 8000Hz 

[211 [25', '26', "^T], the response functions of Sections 8-9 give a better approxima- 
tion [24ji25ji26l[27]. But, to compute the correct total response function, without 
any approximation in distance and / or frequency, the full theory of gravitational 
waves has to be used O [26] . 

In this Section, the variation of the proper distance that a photon covers to 
make a round-trip from the beam-splitter to the mirror of an interferometer is 
computed with the gauge choice ^ (see also [2 [26]). In this case, one does not 
need the coordinate transformation ^ from the TT coordinates to the frame 
of the local observer. Thus, with a treatment similar to the one of [21 [26], the 
analysis is translated in the frequency domain and the general response functions 
are obtained. 

A special property of the TT gauge is that an inertial test mass initially at 
rest in these coordinates, remains at rest throughout the entire passage of the 
GW [21 [26] . Here we have to clarify the use of words " at rest": we want to 
mean that the coordinates of the test mass do not change in the presence of 
the GW. The proper distance between the beam-splitter and the mirror of the 
interferometer changes even though their coordinates remain the same [21(26]. 

We start from the -I- polarization. Labelling the coordinates of the TT gauge 
with t, a;, y, z for a sake of simplicity, the line element ^ becomes: 

ds^ = -dt^ + dz^ + [l + h+{t + z)]dx^ + [1 + h+{t + z)]dy^. (66) 
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Figure 14: the angular dependence of the response function of the LIGO inter- 
ferometer to the magnetic component of the x polarization for / = 8000Hz 



But the arms of the interferometer are in the it and if directions, while the 
X, y, z frame is the proper frame of the propagating GW. 

The coordinate transformation for the metric tensor is [2l[26l: 



By using eq. Q, (flO|) and ((67|) . in the new rotated frame the line element 
ll66l) in the it direction becomes: 



ds"^ = -dt^ + [1 + (cos^ 6*008^ 4) - s\T? (j))h+{t + u sin^ cos (68) 

The condition for null geodesies (ds^ = 0) in eq. l|68l) gives the coordinate 
velocity of the photon: 



dt [1 + (cos^flcos^ - sin^ + usin6'cos0)] ' 

We recall that the beam splitter is located in the origin of the new coordinate 
system (i.e. Uf, = 0, Vb ^ 0, Wb ~ 0). The coordinates of the beam-splitter 
Ub = and of the mirror Um = L do not change under the influence of the GW, 
thus, the duration of the forward trip can be written as 
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'^^^^'^Jo v{t' + u Bind COS cj))' 

with 

t' = t- {L- u). 

In the last equation t' is the delay time (see Section 6). 
At first order in /i+ this integral can be approximated with 

cos^ 6* cos^ (i — sin^ (t!) , , , „ , , , 

Ti(t)=TH -/ + usin6'cos(/i)du, (71) 

2 Jo 

where 

T = L 

is the transit time of the photon in absence of the GW. Similiarly, the du- 
ration of the return trip will be 

T2{t)^T+ -/ ft.+ (t' + u sin 6* cos (?!))( -dit), (72) 

though now the delay time is 

t' = t-{u- I). 

The round-trip time will be the sum of T2{t) and Ti[t - T2{t)]. The latter 
can be approximated by Ti{t — T) because the difference between the exact and 
the approximate values is second order in h+. Then, to first order in h+, the 
duration of the round-trip will be 

Tr.t.{t)=Tiit-T) + T2{t). (73) 

By using eqs. (|7T|) and l(72|) one sees immediately that deviations of this 
round-trip time (i.e. proper distance) from its unperturbed value are given by 



^y(^) ^ cos^ e cos^ jL [fe^ _ 2r - u(l - sin e COS (/.)) + 

(74) 

+h+{t + u{l + sin6'cos(/)))]c?it. 

Now, using the Fourier transform of the -I- polarization of the field, defined 
by eq. ifTB]). one obtains in the frequency domain: 

5f{Lu) = ^{cos^9cos^<j>-sm^(f>)Hu{i^,0,(j))h+{uj), (75) 

where 
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(76) 

. — sin 8 cos 0((l+cxp(22ajL) — 2 cxp 2ajL(l~sin cos (/>))) 
' 2ii^(l+sinecos^ 4>) 

and we immediately see that i/„(tj, 6*, — » L when uj ^ 0. 
Thus, the total response function of the u arm of the interferometer to the 
component is: 

+ , , (cos2 6»cos2 0-sin^0) 
^ui'^) = ^ Hu{uj,d,(l>), (77) 

where 2L = 2T is the round-trip time in absence of gravitational waves. 
In the same way, the line element ([66|) in the ~v' direction becomes: 



ds^ = -dt'^ + [1 + (cos^ 6'sin^ - cos^ 4')h+{t + wsin6'sin0)]dw^, (78) 

and the response function of the v arm of the interferometer to the + polar- 
ization is: 

(^) = ^ ^ -H. (w, e, 0) (79) 



where, now 



- sin ^ sin 0((l+cxp(22cjL) — 2 cxp 'icjL(l — sin sin 0))) 
22cj{l+sin^ ^sin^ 0) ' 



(80) 



with Hy{uj, 9,<f>) L when w — » 0. In this case the variation of the distance 
(time) is 

Sf{Lj) = ^{cos^ 9 coa^ (f> ~ cos^ (f))H„{uj, 9, (f>)h+{uj). (81) 

From equations l(75|) and ((8T|) , the total lengths of the two arms in presence 
of the + polarization of the GW and in the frequency domain are: 

f^{uj) = ^{cos^ 9 cos^ (j) - sm"^ (l))Huiuj, 9, (l))h+{uj) + T (82) 

and 

fy{Lu) = -{cos^ 9 cos^ (j) - cos^ (j))H„{uj, 9, (j))h+{uj) + T, (83) 

that are particular cases of the more general equation (39) in [24] . 
Thus, the total frequency-dependent response function (i.e. the detector 
pattern) of an interferometer to the + polarization of the GW is: 
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= iS2£lJ^2fl^ShllJlHuico,e,(b)+ (84) 

that, in the low frequencies hmit (w 0) is in perfect agreement with the 
detector pattern of eq. (46) in [24], if one retains the first two terms of the 
expansion: 

H+{lj ^ 0) = i(l + 0082 6*) cos2</)+ 

(85) 

-iitjLsin6l[(cos2 6 + sin20i±so2i£)](cos - sine/)). 

This result also confirms that the magnetic contribution to the variation of 
the distance is an universal phenomenon because it has been obtained starting 
from the full theory of gravitational waves in the TT gauge (see also [2l [261127]). 

The same analysis can be now performed for the x polarization. In this 
case, from eq. ([2]) the line element is: 

ds^ = -rft^ + dz'^ + dx'^ + dy^ + 2/ix (t + z)dxdy, (86) 

and, by using eqs. ([9]), (flOl) and (|67|) . the line element l(86|l in the u direction 
and in the new rotated frame becomes: 

ds^ = —dt^ + [1 — 2 cos 6 cos (j) sin (j)hx{t + u sin 9 cos </>)] dii^ . (87) 

Then, the response function of the u arm of the interferometer to the x 
polarization is: 

, — cos 6* cos sin - , „ , , 

T^(a.) = j-^ ^Hu{uj,e,cj)), (88) 

while the line element (l86l) in the v direction becomes: 



ds^ = -dt'^ + [1 + 2 cos 9 COS (j) sin (j>hx{t + usin6'sin(/))]dv2 (89) 

and the response function of the v arm of the interferometer to the x polar- 
ization is: 

V / N cos 9 cos (h sin 4> -r^ , ^ >^ , % 

T^(c^) = ^il,„(a;,0,(/)). (90) 

Thus, the total frequency-dependent response function of an interferometer 
to the x polarization is: 

TT-x / \ — cos 6* cos sin . , „ ,^ fv / /, ,\i 

i/x(w) = ^ ^H^{iJ,9,(j)) + H,iu;,9,^)l (91) 
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that, in the low frequencies Umit (w ^ 0), is in perfect agreement with the 
detector pattern of eq. (46) of [2l], if one retains the first two terms of the 
expansion: 

{lo ^ 0) = — cos 6 sin 20 — iojL sin 2(/)(cos + sin <j>) cos 9. (92) 

The total lengths of the two arms in presence of the x polarization and in 
the frequency domain are: 

f„(w) = (cos6'cos(/)sin0)iJ„(w,6i,0)/ix(w) +T (93) 

and 

fy{uj) = (-cos6'cos(/)sin0)^„(cj,6',(/))/ix(w) +T, (94) 

that also are particular cases of the more general equation (39) of [21] . The 
total low frequencies response functions of eqs. l|85|) and (|92| are more accurate 
than the "traditional" ones of [291 ISOl EI], because our equations include the 
"magnetic" contribution. 

Thus, the obtained results confirm the presence and importance of the so- 
called "magnetic" components of GWs and the fact that they have to be taken 
into account in the context of the total response functions of interferometers for 
GWs propagating from arbitrary directions. 

The importance of the presented results is due to the fact that in this case 
the limit where the wavelenght is shorter than the lenght between the splitter 
mirror and test masses is calculated. The signal drops off the regime, while 
the calculation agrees with previous calculations for longer wavelenghts |24[ [25] . 
The contribution is important expecially in the high-frequency portion of the 
sensitivity band. 

In fact, one can see the pronounced difference between the "traditional" low- 
frequency approximation angular pattern of the Virgo interferometer for the -I- 
polarization, i.e ^(1 -I- cos^ 0) cos 2;/) as it is computed in [29 l \30 \ [3T]. which is 
shown in Figure 15, and the frequency-dependent angular pattern fSl]) . which 
is shown in Figure 16 at a frequency of 8000 Hz, i.e. a frequency which falls in 
the high-frequency portion of the sensitivity band. The same angular patterns 
are shown in Figures 17 and 18 for the LIGO interferometer. The difference 
between the low-frequency approximation angular patterns and the frequency- 
dependent ones is important for the x polarization too, as it is shown in Figures 
19, 20 for Virgo and in Figures 21, 22 for LIGO. 

Seeing the Figures 16 and 18 of eq. ([84]) and 20 and 22 of ^ at 8000 Hz, one 
sees that the magnetic component of GWs cannot extend the frequency range 
of interferometers. This is because, even if magnetic contributions grow with 
frequency, as it is shown from eq. I|60p , the division between "electric" and "mag- 
netic" contributions breaks down at high frequencies, thus one has to perform 
computations using the full theory of gravitational waves. The correspondent 
response functions which are obtained do not grow which frequency. 
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Figure 15: The low-frequency angular dependence to the + polarization for the 
Virgo interferometer 

11 Conclusions 

Recently, arising from an enlighting analysis of Baskaran and Grishchuk in [2l] , 
some papers in the literature have shown the presence and importance of the 
so-called "magnetic" components of GWs, which have to be taken into account 
in the context of the total response functions of interferometers for GWs prop- 
agating from arbitrary directions. In [25] and [26] accurate response functions 
for the Virgo and LIGO interferometers have been analysed. 

However, some results which have been shown in [25] look in contrast with 
the results which have been shown in[26]. In fact, in [25] it was claimed that the 
"magnetic" component of GWs could, in principle, extend the frequency range 
of Earth based interferometers, while in [26] such a possibility has been banned. 

This contrast has been partially solved in |27) . 

The aim of this review paper has been to re-analyse all the framework of the 
"magnetic" components of GWs with the goal of solving the mentioned contrast 
in definitive way. 

Accurate response funtions for the Virgo and LIGO interferometers have 
been re-discussed in detail too. 
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Figure 16: The angular dependence to the + polarization for the Virgo inter- 
ferometer at 8000 Hz 
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Figure 17: The low-frequency angular dependence to the + polarization for the 
LIGO interferometer 
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Figure 20: The angular dependence to the x polarization for the Virgo inter- 
ferometer at 8000 Hz 
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Figure 21: The low-frequency angular dependence to the x polarization for the 
LIGO interferometer 
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